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1. STATEMENT OFTHE MAIN RJSULT 
Let R = {t ) -CD < t < +CQ} be the real ine, i.e., the additive group of 
all real numbers twith the usual topology. Let X = {x> be a metric space, 
and let {P)~} = {F~ 1 t E R) b e a one-parameter group of homeomorphisms pt 
of X onto itself. This means that he following conditions areatisfied: 
(1 .I) x’ = vt(x) is a homeomorphism ofX onto itself for any real number 
tER, 
(1.2) d?J~(4) = %+4X) for any point xE X and for any real numbers , 
tER, 
(1.3) the mapping (x, t) -+ Pi is continuous a a mapping of X x R 
into X. 
The p&r (X 6~~)) iscalled a ynamical system. In case X is a compact metric 
space, (X, {qua}) is called a compact dynamical system. 
Let (X, {pt}) and (Y, (4~)) betwo dynamical systems. (X,(pt}) and (Y, {A}) 
are said to be equivalent if there exists a homeomorphism u of X onto Y such 
that 
4Pt(x>) = YWX)) (1.4) 
for any point xE X and for any real number t E R. 
Let (X, {P)~}) be a dynamical system, and let X0 be a closed subset of X 
which is invariant u der each pt , i.e., &X0) = X,, for any real number t E R. 
Then (X0, bd> may b e considered as adynamical system, and is called a 
dynamical subsystem of (X, {pit}). If a dynamical system (X, (~~1) isequivalent 
with adynamical subsystem ofa dynamical system (Y, (&}), then we say that 
(X (949 is ~d4fde in (Y, &W- 
Let (X, (~$1) be a dynamical system. A point x,, EX is called a rest point 
if &x,,) = x,, for any real number t E R. The set r of all rest points of a 
dynamical system (X, &I~)) iscalled the rest set of (X, (~1). 
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Let X0 = (91 be the set of all real-valued continuous functions C&‘(S) 
defined on R. X0 is a complete, separable, metric space with respect to the 
metric 
where 
If we put 
where- 
M, = ffyn I *‘CO(s) - YO(S)l, 12 = 1, 2,... . (1.6) 
yt”(x”) = XtO, t E R, (1.7) 
$(s) = 9(s + r), s, t E R, (1.8) 
then it is easy to see that (X0, {cJQ”}) is a dynamical system. This dynamical 
system is called the shift dynamical system. 
We are now ready to state our main result: 
THEOREM 1. In order that a compact dynamical system (X, {at}) be embed- 
dable in the shift dynamical system (X0, {p:}), it is necessq and sujitit 
that the rest set r of (X, (q+}) is either empty or homeomorphic with a subset 
of the real line R. 
This result was first proved by M. Beboutov for the case when the rest 
set F consists of at most one point. Beboutov’s proof was never published 
by him, but the detail of his proof was given in an article by V. V. Nemickii]I]. 
The proof in Nemickii’s paper is quite complicated and is based on Whitney’s 
cross-section theorem. The main purpose of the present paper is to give a 
simple proof of Beboutov’s theorem for the general case when the rest set r 
is either empty or homeomorphic with a subset of the real line R. 
2. REFORMULATION OF THE PROBLEM 
It is easy to see that the condition of the theorem above is necessary. 
In fact, the rest set To of the shift dynamical system (XO,{v$}) consists 
exactly of all constant functions, and hence is homeomorphic with the real 
line R. Thus, if a compact dynamical system (X, {v$}) is embeddable in the 
shift dynamical system, then the rest set r of (X, {qt}) must be homeomorphic 
with a subset of the real line R. 
In order to show that the condition of the theorem is sufficient, let 
(X, (pt}). be a compact dynamical system for which the rest set r is either 
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empty or homeomorphic with a subset of the real ine R. Let y be a real- 
valued continuous function defined onr which gives the homeomorphism 
of r onto asubset y(r) of the real line R. Let C(X) be the Banach space of all 
real-valued continuous functions f defined onX with the norm 
l,f II = SUP If(. 
ZEX 
(2-l) 
C(X) is separable with respect tothe metric d( f, g) = (1 f -g // since X is a 
compact metric space. Let us put 
@=C(X;r,r)={flfEC(X),f(x)=y(x)foranyxEr}. (2.2) 
(If r is empty, then we put @ = C(X)). @ is then a nonempty subset of 
C(X) by Tietze’s extension theorem. Q, is obviously a closed subset of 
C(X), and hence a complete, separable, m tric space with respect tothe 
metric d(f,g) = Ilf -g Il. 
We observe that, in order to prove that (X, {q+)) is embeddable inthe 
shift dynamical system, itis sufficient to prove the following 
THEOREM 2. Let (X, {I&) b e a compact dynamical system for which the 
rest set T is either mpty or homeomorphic w th a subset ofthe real ine R. 
Let y be a real-valued continuous function defined onT which gives a homeo- 
morphism ofT onto a subset y(T) of R. Then there exists a function g E@ = 
C(X; T, y) with the following property: 
(2.3) For any two points x, y E X with x # y, there exists a real number 
t E R a/z thatf(pt(x)) Zf(&y)). 
In fact, let fE @ be a function which has the property (2.3). For any 
point xE X, let us put 
q4 = f(P+(x)), sE R. (2.4) 
Then A+(S) isa real-valued continuous function defined onthe real ine R, 
i.e., x’J is an element ofX0. Let u be a mapping of X into x0 defined by
0: x-+x0. (2.5) 
Then it is easy to see that cr is a one-to-one continuous mapping of X into X0, 
and since X is compact, (Tis a homeomorphism ofX onto asubset o(X) of X0. 
It is also easy to see that 
4&9) = dY44) (2.6) 
for any point sE X and for any real number t E R. From this follows that 
O(X) is a closed invariant subset of the shift dynamical system (xO,{q~,~}), 
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and that ais a homeomorphism ofX onto u(X) which gives the equivalence 
of (X, {pit}) and the dynamical subsystem (u(X), (vto>) ofthe shift dynamical 
system (X0, {d}). 
Thus our problem is reduced to Theorem 2. The proof of Theorem 2 
will be carried out in the remainder ofthis paper by using the category 
argument. 
3. THE CATEGORY ARGUMENT. REDUCTION TO Two LEMMAS 
Consider the Cartesian products 
x*=x x x={(x,y)Ix,yEx}, 
r* = r x r = {(x, y) ( x, y E r> 
and a subset A* of X* defined by
A* = X* - (T* u d*), (3.1) 
where A* = {(x, x) ( x E X} is the “diagonal” of X*. X* is a compact metric 
space and A* is an open subset of X*. For any compact subset K* of A* 
we denote by @(K*) the set of allfe @ such that 
(3.2) for any two points x, y E X with (x, y) E K*, there xists a real 
number t E R such that f(qt(x)) #f(&y)). 
The proof of Theorem 2 is then reduced to the proofs of the following two 
lemmas: 
LEMMA 1. O(K*) is an open subset of@for any compact subset K* of A*. 
LEMMA 2. For any two points x, y E X with (x, y) E A*, there xists a 
compact neighborhood K* of (x, y) in A” (i.e., K* is a compact subset ofA* 
which contains (x, y) as an interior p int) such that @(K*) is dense in CD. 
In fact, since A* is a separable metric space, it follows from Lemma 2 
by using Lindekf’s covering theorem, that there exists a sequence 
{K*, 1 n = 1,2,...) of compact subsets K,* of A* such that (i) each @(K,*) 
is dense in @ and (ii) A* = uL1 K ,,*. Since ach @(K,*) is an open subset 
of @ by Lemma 1 and since @ is a complete m tric space, itfollows from (i) 
that he intersection Q”-,@(K,*) is not empty. It is then easy to see that 
any function f from &I @(K,*) satisfies th  condition (2.3) of Theorem 2. 
This can be seen as follows: Let x,y be two points of X with x # y. 
If both x and y belong to the rest set r, then f(p&c)) = f(x) = y(x) # 
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Y(Y) =f(r) =fhW f or any real number i E R. If m or y does not belong 
to Z’, then (x, y) belongs to A *, and hence there xists a compact set &* 
which contains (x, y). Then, since f belongs toa(&*), it follows that here 
exists a real number t E R such that f(&x)) # f(vt(y)). 
4. PROOF OF LEMMA 1 
Assume that K* is a compact subset of A* and let fO be a function from 
@(K*). Let us put 
P(X! Y) = yg I f&ft(x)) - foMy))l* (4.1) 
Then p(x, y) > 0 for any (x, y) E K*. We want to show that here xists a 
positive number 6, > 0 such that p(x, y) > 8, for any (x, y) E K*. In fact, if
this is not true, then there would exist a sequence {(x~ ,yJ / n = 1,2,...} 
of elements from K* such that p(.xn , yn) -+ 0. Since K* is compact, wemay 
assume, without loss of generality, thathere exists anelement (x,,  ya) in K* 
such that x, --f x,, and yn -fy,, . From this follows that fo(&xn)) -+ fo(vt(xo)), 
.f,(&y,J) --+fo(pt(yo)) uniformly int on any finite interval of real numbers. 
Since 
I fo(vt(xn)) - fo(%(Yn))l G P(% 9 m) 
for. any real number t E R and since p(~~ ,yJ -+ 0, it follows that 
fo(9)dxo)) =fo(dYo)) for any real number t. This is a contradiction o thefact 
that p(xo ,yd > 0. 
Thus we see that here exists a positive number 6, > 0 such that p(x, y) 2 6, 
for any (x, y) E K*. It is now easy to see that fE @ and 11 f -f. Ij < a,/2 
imply that f E @(K*). This shows that @(K*) is an open subset of @. 
5. PROOF OF LEMMA 2 
Let (x,,  yO) EA*. We want to show that here xists a compact neigh- 
borhood K* of (x,,  yO) in A* such that @(K*) is dense in @. We may assume 
without loss of generality that q, E X - r, y,, EX and x,, # ye . 
To make our arguments simpler, we introduce the following notations: 
Let x be a point of X, E a subset of X, and let Zbe a finite closed interval of 
real numbers. Then 
arc@, 1) = {q&)l t E 4, 
tube(E, I)= {qt(x)l  E E, t E Z} = u q+(E) = u arc(x, I). 
td XSE 
(5-l) 
(5.2) 
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Let V be an open neighborhood f x,, such that rC X - P and y,, EX - r, 
where 17 denotes the closure ofV in X. Choose apositive number 7 > 0 
so small that 
%(X0) f x0 3 (5.3) 
arc(x, , [0, 71) and tube(X - T’, [0, 71) are disjoint, (5.4) 
where [a, b] denotes the closed interval {t 1a < t < b). This is possible 
since x0 is not a rest point of the dynamical system (X, {qt}). 
Next we choose an open neighborhood W fx0 so small that 
m, v,(w), and tube(X - F’, [0, 71) are disjoint. (5.5) 
We further choose apositive number S > 0 so small that 0 < 6 < 7 and 
tube( m, [0, S]) 
tube(% [rl, TI +aI> 
I 
are disjoint. (5.6) 
tube(X - V, [O, 7 + 81) 
Let u E C(X) be a real-valued continuous function defined onX such that 
0 < u(x) f 1 on X, 
u(x) = 0 on tube( m, [0, S]), 
u(x) = 1 on tube@‘, h, 7 + W, (5.7) 
U(X) = 0 on tube(X - V, [0,7 + 81). 
The existence of such a function isa consequence of Tietze’s extension 
theorem. We observe that u(x) = 0 on r since r C X - P. Let us put 
$4 = ,I ds, XEX. (5.8) 
Then it is easy to see that vis a real-valued continuous function defined onX 
and satisfies 
0 < 44 < 7 on X, 
4cpM) = f-w + t if XE~ and O< t<ti, 
+P)t(X)) = 0 if jrX--V and O<t<S, 
(5.9) 
fG44) = 0 if XE~ and tER. 
Let us finally put 
K* = W x (X - V). (5.10) 
Then K* is a compact neighborhood f (x,,  y,,) in A*. We want to show 
that @(K*) is dense in @. 
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Letfe @ and E > 0. Choose apositive number (Y > 0 so small that 
llf -fa II <; > (5.11) 
where 
f=(x) = ; j,fbJsW ds* (5.12) 
This is possible from the assumption (1.3). It is clear thatfa(x) = f(x) = y(x) 
on r and hence fu E@. We next observe that 
and hence 
for any real number t E R. 
Choose apositive nteger p such that 
P$ 
(5.13) 
(5.14) 
(5.15) 
and then choose a positive nteger q such that 
q>max(w,$). 
a 
If we put 
(5.16) 
g(4 = f&J + b sink - 4x)), (5.17) 
then it is clear that gE 0 (this follows from the fact hat w(x) = 0 on F) and 
(5.18) 
Thus the proof of Lemma 2 will be completed ifwe show that gbelongs to
@(K*) = @(W x (X - V)). On the one hand, we have 
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if .1c E W, 0 < t < 8 and q * o(&x)) = 0 (mod m). We observe that for any 
x E W, there xists atleast one such t if q * 8 > n. Thus, if q * 8 > r, then 
for any x E W, there xists a real number t with 0 < t < 6 such that 
On the other hand, 
dPt(YN = Lb(Y) (5.21) 
ifyEX-VandO<t<&andhence 
(5.22) 
if y E X - V and 0 < t < 6. From (5.20) and (5.22) follows that for any 
3c EWand y E X - V, there exists atleast one real number t with 0 < t < 6 
such that 
(5.23) 
From this follows that gE @(K*) = @(W x (X - V)) by continuity of 
derivatives. 
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